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Abstract. To establish the Higgs mechanism sui generis experimentally, the self-energy potential of the
Higgs field must be reconstructed. This task requires the measurement of the trilinear and quadrilinear self-
couplings, as predicted, for instance, in the Standard Model or in supersymmetric theories. The couplings
can be probed in multiple Higgs production at high-luminosity e™e™ linear colliders. Complementing
earlier studies to develop a coherent picture of the trilinear couplings, we have analyzed the production of
pairs of neutral Higgs bosons in all relevant channels of double Higgs-strahlung, associated multiple Higgs

production and WW /ZZ fusion to Higgs pairs.

1 Introduction

1. The Higgs mechanism [1] is a cornerstone in the elec-
troweak sector of the Standard Model (SM) [2]. The elec-
troweak gauge bosons and the fundamental matter parti-
cles acquire masses through the interaction with a scalar
field. The self-interaction of the scalar field leads to a non-
zero field strength v = (\/iGF)_l/2 = 246 GeV in the
ground state, inducing the spontaneous breaking of the
electroweak SU(2)r, x U(1)y symmetry down to the elec-
tromagnetic U(1)gy symmetry.

To establish the Higgs mechanism sui generis exper-
imentally, the characteristic self-energy potential of the
Standard Model,

V=x[lel? - 307’ (1)

with a minimum at (p)o = v/v/2, must be reconstructed
once the Higgs particle will have been discovered. This ex-
perimental task requires the measurement of the trilinear
and quadrilinear self-couplings of the Higgs boson. The
self-couplings are uniquely determined in the Standard
Model by the mass of the Higgs boson which is related
to the quadrilinear coupling A by My = v/2\v. Introduc-
ing the physical Higgs field H,
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the trilinear vertex of the Higgs field H is given by the
coeflicient

0

v+ H (2)

Agnm = 3M% /M2 (3)

in units of A\g = M2 /v, while the quadrilinear vertex car-
ries the coefficient

Aaman = 3Mz /My (4)

in units of A\%; numerically, A\g = 33.8 GeV. For a Higgs
mass My = 110 GeV, the trilinear coupling amounts to
Ao/ Mz = 1.6 for a typical energy scale M, whereas
the quadrilinear coupling Aggpu 2 = 0.6 is suppressed
with respect to the trilinear coupling by a factor close to
the size of the weak gauge coupling.

The trilinear Higgs self-coupling can be measured di-
rectly in pair-production of Higgs particles at hadron and
high-energy eTe™ linear colliders. Several mechanisms
that are sensitive to Aggy g can be exploited for this task.
Higgs pairs can be produced through double Higgs-
strahlung off W or Z bosons [3,4], WW or ZZ fusion
[4-8]; moreover through gluon-gluon fusion in pp collisions
[9-11] and high-energy ~ fusion [4,5,12] at photon collid-
ers. The two main processes at eTe~colliders are double
Higgs-strahlung and WW fusion:

double Higgs-strahlung: et e—ZHH

5
WW double-Higgs fusion: 6+6;V—I/I>/l_/eyeH H (5)

The ZZ fusion process of Higgs pairs is suppressed by
an order of magnitude since the electron-Z couplings are
small. Generic diagrams for the above two processes are
depicted in Fig. 1.

With values typically of the order of a few fb and be-
low, the cross sections are small at eTe™ linear colliders
for masses of the Higgs boson in the intermediate mass
range. High luminosities are therefore needed to produce
a sufficiently large sample of Higgs-pair events and to iso-
late the signal from the background.

2. If light Higgs bosons with masses below about 130 GeV
will be found, the Standard Model is likely embedded in
a supersymmetric theory. The minimal supersymmetric
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double Higgs-strahlung: ete” — ZHH

extension of the Standard Model (MSSM) includes two
iso-doublets of Higgs fields ¢1, @2 which, after three com-
ponents are absorbed to provide masses to the electroweak
gauge bosons, gives rise to a quintet of physical Higgs bo-
son states: h, H, A, H* [13]. While a strong upper bound
of about 130 GeV can be derived on the mass of the light
CP-even neutral Higgs boson h [14,15], the heavy CP-even
and CP-odd neutral Higgs bosons H, A, and the charged
Higgs bosons H* may have masses of the order of the
electroweak symmetry scale v up to about 1 TeV. This
extended Higgs system can be described by two parame-
ters at the tree level: one mass parameter which is gen-
erally identified with the pseudoscalar A mass M4, and
tan(, the ratio of the vacuum expectation values of the
two neutral fields in the two iso-doublets.

The general self-interaction potential of two Higgs dou-
blets ¢; in a CP-conserving theory can be expressed by
seven real couplings A\, and three real mass parameters
miy, m3y and miy:

Vg1, 2] = miipler +m3yphps — [miaplps +hcl

+ 30(p101)? + 3ha(0h2)? + As (0l 01) (Plen)
+ Mol (phen) + {3s(ele2)? + Ps(elen)
+ )\7(%0;902)]90]{%02 + h.c.} (6)

In the MSSM, the A parameters are given at tree level by

M=X = Hg*+9?)

Aa=1(g* —g?)

A ——%gQ

X=X = Ay =0 (7)

and the mass parameters by
mi, = 1 M3 sin23
1= (M3 +Mz)sin® 3 — M2
(

my =
ma, = (M3 + M%) cos® 3 — %M% (8)

Fig. 1. Processes contributing to
Higgs-pair production in the Standard
Model at ete™ linear colliders: dou-
ble Higgs-strahlung and WW fusion
(generic diagrams)

The mass M4 and tanf3 determine the strength of the
trilinear couplings of the physical Higgs bosons, together
with the electroweak gauge couplings.

The mass parameters m?; and the couplings ); in the
potential are affected by top and stop-loop radiative cor-
rections. Radiative corrections in the one-loop leading m;}
approximation are parameterized by

3Gpm£4 Mgv
ex ——log —= 9
V2nr2sin? 8 & M? )

where the scale of supersymmetry breaking is character-
ized by a common squark-mass value Mg, set 1 TeV in the
numerical analyses; if stop mixing effects are modest on
the SUSY scale, they can be accounted for by shifting M32
in € by the amount AMZ = 1212[1 — AQ/(12M§)] where
A= —pcot 3 denotes the modified trilinear ¢ coupling
in the superpotential. The charged and neutral CP-even
Higgs boson masses, and the mixing angle « are given in
this approximation by

M2,  =M3+M3 cos® Ow

M2 = %[M§+M§+e

F /(M2 +MZ+6)2—4M2 M2 cos? 26—4e(M?2 sin? +M2 cos? 5)]

M3 4+ M2 .
tan 2a=tan 28 — AtMZ with —

MA—M§+5/ cos 283 3Sas<0

(10)
when expressed in terms of the mass M4 and tan .

The set of trilinear couplings between the neutral phys-
ical Higgs bosons can be written [14,17] in units of A\ as

Anhh = 3cos2asin(f + «) + SML%% cos? a

Ann = 2sin2asin(f 4+ o) — cos 2a cos(f + «)

Apan = —2sin2acos(f + a) — cos 2asin(f8 + )
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Fig. 4. Modification of the trilinear couplings Appp and Agnp
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region of rapid variations corresponds to the h/H cross-over
region in the neutral CP-even sector
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Fig. 3. Upper set: Variation of the trilinear scalar couplings
between CP-even and CP-odd Higgs bosons with M4 for
tanB = 3 and 50 in the MSSM. Lower set: ZZh and ZZH gauge
couplings in units of the SM coupling

In the decoupling limit M3 ~ M3 ~ M%. > v?/2, the
trilinear Higgs couplings reduce to

Ahhh = 3]\];4;
ANHRhh — —§|sin4ﬁ\ — ]\?/)[—Esinﬁcosﬁ
AHHR = 2 — ?}\]}4; + ]\?/}76%
AHHH — g|sin45| - %C;isﬁﬂ
Ahaa — —% + ML%
Aias — o] sindg| - Migcgfﬁﬂ (12)

with M? = M% cos? 23 + esin? 3. As expected, the self-
coupling of the light CP-even neutral Higgs boson h ap-
proaches the SM value in the decoupling limit.

In the subsequent numerical analysis the complete one-
loop and the leading two-loop corrections to the MSSM
Higgs masses and to the trilinear couplings are included, as
presented in [15,16]. Mixing effects due to non-vanishing
A, u parameters primarily affect the light Higgs mass; the
upper limit on M}y, depends strongly on the size of the mix-
ing parameters, raising this value for tan 3 2 2.5 beyond
the reach of LEP2, cf. [18]. The couplings however are af-
fected less when evaluated for the physical Higgs masses.
The variation of the trilinear couplings with M 4 is shown
for two values tan3 = 3 and 50 in Figs. 2 and 3. The
region in which the couplings vary rapidly, corresponds
to the h/H cross-over region of the two mass branches
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in the neutral CP-even sector, cf. (10). The trilinear cou-
plings between h, H and the pseudoscalar pair AA are in
general significantly smaller than the trilinear couplings
among the CP-even Higgs bosons. Small modifications of
the couplings due to mixing effects are illustrated in Fig. 4
(for a detailed discussion of mixing effects see [19]).

In contrast to the Standard Model, resonance produc-
tion of the heavy neutral Higgs boson H followed by sub-
sequent decays H — hh, plays a dominant role in part of
the parameter space for moderate values of tan § and H
masses between 200 and 350 GeV, [20]. In this range, the
branching ratio, derived from the partial width

V2G M3 B,

(13)
is neither too small nor too close to unity to be measured
directly. [The decay of either h or H into a pair of pseu-
doscalar states, h/H — AA, is kinematically not possible
in the parameter range which the present analysis is based
upon.] If double Higgs production is mediated by the res-
onant production of H, the total production cross section
of light Higgs pairs increases by about an order of magni-
tude [17].

The trilinear Higgs-boson couplings are involved in a
large number of processes at ete™ linear colliders [17]:

double Higgs-strahlung: ete” — ZH;H;

and ZAA[HZJ = h,H]

triple Higgs production: ete” — AH;H;

14
and AAA (14)
WW double-Higgs fusion: e*e™ — vev.H;H;

and v.v, AA

The trilinear couplings which enter for various final states,
cf. Fig. 5, are marked by a cross in the matrix Table 1.
While the combination of couplings in Higgs-strahlung is
isomorphic to WW fusion, it is different for associated
triple Higgs production. If all the cross sections were large
enough, the system could be solved for all A's, up to dis-
crete ambiguities, based on double Higgs-strahlung, Ahh
and triple A production ["bottom-up approach”]. This can
easily be inferred from the correlation matrix Table 1.
From o(ZAA) and o0(AAA) the couplings A\(hAA) and
A(HAA) can be extracted. In a second step, o(Zhh) and
a(Ahh) can be used to solve for A(hhh) and \(Hhh); sub-
sequently, o(ZHh) for N(HHh); and, finally, c(ZHH)
for \(HHH). The remaining triple Higgs cross sections
o(AHh) and o(AH H) provide additional information on
the trilinear couplings.

In practice, not all the cross sections will be large
enough to be accessible experimentally, preventing the
straightforward solution for the complete set of couplings.
In this situation however the reverse direction can be fol-
lowed [’top-down approach”]. The trilinear Higgs cou-
plings can stringently be tested by comparing the theo-
retical predictions of the cross sections with the experi-
mental results for the accessible channels of double and

Table 1. The trilinear couplings between neutral CP-even
and CP-odd MSSM Higgs bosons which can generically be
probed in double Higgs-strahlung and associated triple Higgs-
production, are marked by a cross. The matrix for WW fusion
is isomorphic to the matrix for Higgs-strahlung

double Higgs —strahlung triple Higgs —production

A Zhh ZHh ZHH ZAA Ahh AHh AHH AAA

hhh X X

Hhh X X X X

HHhK

HHH

hAA X X

HAA X X X

triple Higgs production.

The processes ete™— ZH;A and ete™— b, H;A
[H; = h, H] of mixed CP-even/CP-odd Higgs final states
are generated through gauge interactions alone, mediated
by virtual Z bosons decaying to the CP even—odd Higgs
pair, Z* — H;A. These parity-mixed processes do not
involve trilinear Higgs-boson couplings.

3. In this paper we compare different mechanisms for the
production of Higgs boson pairs in the Standard Model
and in the minimal supersymmetric extension. An excerpt
of the results, including comparisons with LHC channels,
has been published in [21]. The relation to general 2-
Higgs doublet models has recently been discussed in [22].
The analyses have been carried out for eTe™ linear col-
liders [23], which are currently designed [24] for a low-
energy phase in the range /s = 500 GeV to 1 TeV, and
a high-energy phase above 1 TeV, potentially extending
up to 5 TeV. The small cross sections require high lu-
minosities as foreseen in the TESLA design with targets
of [£ =300 and 500 fb~! per annum for \/s = 500 and
800 GeV, respectively [25]. By analyzing the entire ensem-
ble of multi-Higgs final states as defined in [17], a theoret-
ically coherent picture has been developed for testing the
trilinear self-couplings at high-energy colliders. Moreover,
the fusion processes are calculated exactly without ref-
erence to the equivalent-particle approximation. Experi-
mental simulations of signal and background processes de-
pend strongly on detector properties; they are beyond the
scope of the present study which describes the first modest
theoretical steps into this area. Crude estimates for final
states eTe™— Z(bb)(bb) [26] and eTe™— Z(WW)(WW)
[27] can however be derived from the existing literature;
dedicated analyses of the reducible Z(bb)(bb) background
channel will be available in the near future [28].

The paper is divided into two parts. In Sect. 2 we dis-
cuss the measurement of the trilinear Higgs coupling in
the Standard Model for double Higgs-strahlung and WW
fusion at eTe™ linear colliders. In Sect. 3 this program,
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double Higgs-strahlung: ete” — ZH;H;, ZAA [H; ; = h, H]

Fig. 5. Processes contributing to double and triple Higgs production involving trilinear couplings in the MSSM

including the triple Higgs production, is extended to the do(ete™ — ZHH) 2G%MS v2 + a? z (15)

Minimal Supersymmetric Standard Model (MSSM). dzidzo C 384m3s (1 — py)?

2 Higgs pair—production

in the standard model after the angular dependence is integrated out. The vec-
tor and axial-vector Z charges of the electron are de-

2.1 Double Higgs-strahlung fined as usual, by v. = —1 + 4sin®6fy and a, = —1.

x1,2 = 2E1 2/+/s are the scaled energies of the two Higgs
The (unpolarized) differential cross section for the process particles, 3 = 2 — 21 — x5 is the scaled energy of the Z
of double Higgs-strahlung ete™— ZHH, cf. Fig. 1, can boson, and y; = 1 — x;; the square of the reduced masses
be cast into the form [17] is denoted by p; = M?/s, and p;; = p; — p1j. In terms of
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these variables, the coefficient Z may be written as:

1 [ f1 L f2
dpz(n +pmz) (Y1 +upz Y2+ poz

Z=3fo+

+ 2ﬂzéf3] +{y1 < v} (16)
with
A 2 2 1
= CHER + — (7
Ys—pHZ Y1+ pHZ Y2+ UHHZ Pz

The coefficients f; are given by the following expressions,

fo=nz[(y1 +y2)° + 8uz]/8

fr= (=12 (pz —v1)* — Apay (1 + yipz — 4pz)
+ pz(pz = 4pw) (1 —dpw) — p%

fo=lpz(ys + pz —8um) — (1 + pz)y1y2)(1 + ys + 2uz)
+ 12y + 1+ py 4 4pn (1 + pz)]
Hpppz (14 pz + dpm) + 1

fs=vy1(y1 = Dz —v1) —ye(yr + 1) (v1 + pz)

+2uz(1+ pz — Apm) (18)

The first term in the coefficient 3 includes the trilinear
coupling Ay . The other terms are related to sequential
Higgs-strahlung amplitudes and the 4-gauge-Higgs boson
coupling; the individual terms can easily be identified by
examining the characteristic propagators.

Since double Higgs-strahlung is mediated by s-channel
Z-boson exchange, the cross section doubles if oppositely
polarized electron and positron beams are used.

The cross sections for double Higgs-strahlung in the
intermediate mass range are presented in Fig. 6a for to-
tal ete™ energies of /s = 500 GeV, 1 TeV and 1.6 TeV.
The cross sections are shown for polarized electrons and
positrons [A.- Ao+ = —1]; they reduce by a factor of 2 for
unpolarized beams. As a result of the scaling behavior, the
cross section for double Higgs-strahlung decreases with ris-
ing energy beyond the threshold region. The cross section
increases with rising trilinear self-coupling in the vicinity
of the SM value. The sensitivity to the HH H self-coupling
is demonstrated in Fig. 6b for /s = 500 GeV and My =
110 GeV by varying the trilinear coupling kAg gy within
the range Kk = —1 and +2; the sensitivity is also illustrated
by the vertical arrows in Fig. 6a for a variation x between
1/2 and 3/2. Evidently the cross section o(ete™— ZHH)
is sensitive to the value of the trilinear coupling, which
is not swamped by the irreducible background diagrams
involving only the Higgs-gauge couplings. While the irre-
ducible background diagrams become more important for
rising energies, the sensitivity to the trilinear Higgs cou-
pling is very large just above the kinematical threshold for
the ZH H final state as demonstrated in Fig. 6¢c. Near the
threshold the propagator of the intermediate virtual Higgs
boson connecting to the two real Higgs bosons through
A gy in the final state is maximal. The maximum cross
section for double Higgs-strahlung is reached at energies
Vs ~2Mpg + Mz 4+ 200 GeV, i.e. for Higgs masses in the
lower part of the intermediate range at /s ~ 500 GeV.

2.2 WW double-Higgs fusion

The WW fusion mechanism in ete™ — v.v.HH, cf.
Fig. 1, provides the largest cross section for Higgs bosons
pairs in the intermediate mass range at high eTe™ collider
energies, in particular for polarized beams.

The fusion cross section can roughly be estimated in
the equivalent W-boson approximation. The production
amplitude for the dominant longitudinal degrees of free-
dom is given [29] by

GFr3 2 AHHH

Mur="05 {“”W){” e

N 1 (1—B%) + (Bw — Bu cosh)?
Bw B cosf — zy

(Bl G st } (19)

cos + xw

with By, g denoting the W, H velocities in the c.m. frame,
and xw = (1 — 2M%/3)/(BwBx). §/? is the invariant
energy of the WW pair; 0 is the Higgs production angle
in the c.m. frame of WW. Integrating out the angular

dependence, the corresponding total cross section can be
derived [17] as

B
Bw (1 — B3)?

e [ ]

16
1+ B%)2 — 45552, (8% (—Bhaty + 48w Bazw

—46%) + (1 + By — Bw)?]
2$W

1
g, () [P 0
x(L+ By — B + 3y B)
o (1= B +135%) = 2o (L By - 5]

2(1+ B%) [ n AHHH ]
Bw Bu (8 — M) /M3
x [lw(1+ 8% — By — 28w Buzw + Bhady)

+

+28u (xw B — 268w )] } (20)

with Iy = log[(xw — 1)/(xw +1)]. After folding the cross
section of the subprocess with the longitudinal W, spectra
[30],

(;17']\42 1—=2
fi(z) = 51
221 Z
a rough estimate of the total eTe™ cross section can be

obtained; it exceeds the exact value by about a factor
2 to 5 depending on the collider energy and the Higgs

[z = Ew/E] (21)
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Fig. 6a.The cross section for double Higgs-strahlung

1 in the SM at three collider energies: 500 GeV, 1 TeV
, and 1.6 TeV. The electron/positron beams are taken
oppositely polarized. The vertical arrows correspond

to a variation of the trilinear Higgs coupling from 1/2
to 3/2 of the SM value

0. I I
r SM Double Higgs-strahlung?e — ZHH
o™ [fb]
0.4
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0 | | | |
100 120 140 160 18
M, [GeV]
0.8 \ \
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0.6-  o"(ZHH:k) [fb]

Fig. 6b.Variation of the cross section o(ZHH) with

2 the modified trilinear coupling kKAgpm at a collider
energy of /s = 500 GeV and My = 110 GeV

0 | 1
-1 0 1
K
0. T T
i SM:€ € - ZHH ]
r \ MH =110 GeV 7
8 :-' ‘~\|~(~=1.5 O-PO| [fb] 4

Fig. 6c.The energy dependence of the cross section
for double Higgs-strahlung for a fixed Higgs mass
My = 110 GeV. The variation of the cross section

500 750 1000 1250

mass. The estimate is useful nevertheless for a transparent
interpretation of the exact results.

For large WW energies the process WW — HH is
dominated by t-channel W exchange which is independent
of the trilinear Higgs coupling. However, even at high c.m.
energies the convoluted process eTe™— U,v, HH receives
most of the contributions from the lower end of the WW
energy spectrum so that the sensitivity on Aggg is pre-

!
1500
VgGeV]

for modified trilinear couplings kAmpm is indicated
by the dashed lines

served also in this domain.

The exact cross sections for off-shell W bosons, trans-
verse degrees of freedom included, have been calculated
numerically, based on the semi-analytical CompHEP pro-
gram [31]. Electron and positron beams are assumed to be
polarized, giving rise to a cross section four times larger
than for unpolarized beams. The results are shown in
Fig. 7a for the three energies discussed before: /s =
500 GeV, 1 TeV and 1.6 TeV. As expected, the fusion cross
sections increase with rising energy. Again, the variation



34 A. Djouadi et al.: Testing Higgs self-couplings at eTe™ linear colliders
10 E T T T | T T T I T T T ‘1 T T T
E SM: ete™ — ovHH ]
i o®°! [fb] i
1.6 TeV
1 =
i i
0.1 .
E E Fig. 7a.The total cross section for WW double-Higgs
- - fusion in the SM at three collider energies: 500 GeV,
0.01 ) ) P U R T W T R S N 1 TeV and 1.6 TeV. The vertical arrows correspond
100 120 140 160 180 to a variation of the trilinear Higgs coupling from 1/2
My [GeV] to 3/2 of the SM value
2 T T l T T T T I T T T T

B SM: ete” — ovHH ]

L oPol [fb] N

L Vs=1TeV /| My = 110 GeV
1 —

N i | Fig. Tb.Variation of the cross section 0’(€+67 —
0 | 1 ‘ . | . . 1 ISM i 1 ‘ Deve HH) with the modified trilinear coupling kA g m
1 0 1 — 5 at a collider energy of \/s = 1 TeV and My =

K 110 GeV

Table 2. Total cross sections for SM pair production in WW
and ZZ fusion at eTe” colliders for two characteristic energies
and masses in the intermediate range (unpolarized beams)

o [fb] ww 77

Vs=1TeV My =110 GeV 0.104 0.013
150 GeV 0.042 0.006

190 GeV 0.017 0.002

Vs =1.6TeV My = 110 GeV 0.334 0.043
150 GeV 0.183 0.024

190 GeV 0.103 0.013

of the cross section with kAgg g, kK = —1 to +2, is demon-

strated in Fig. 7b for /s = 1 TeV and My = 110 GeV,
and by the vertical arrows for k = 1/2 to 3/2 in Fig. 7a.

Due to the destructive interference with the gauge part of
the amplitude, the cross sections drop with rising Aggpg.
The ZZ fusion cross section is an order of magnitude
smaller than the WW fusion cross section since the Z
couplings of the electron/positron are small, cf. Table 2.

It is apparent from the preceding discussion that dou-
ble Higgs-strahlung ete™ — ZHH at moderate energies
and WW fusion at TeV energies are the preferred chan-
nels for measurements of the trilinear self-coupling Ay g g
of the SM Higgs boson. Electron and positron beam polar-
ization enhance the cross sections by factors 2 and 4 for
Higgs-strahlung and WW fusion, respectively. Since the
cross sections are small, high luminosity of the ete™ lin-
ear collider is essential for performing these fundamen-
tal experiments. Even though the rates of order 10% to
3 - 10° events for an integrated luminosity of 2 ab™! as
foreseen for TESLA are moderate, clear multi-b signatures
like eTe™ — Z(bb)(bb) and ete™ — (bb)(bb) + F will help
to isolate the signal from the background.

The complete reconstruction of the Higgs potential
in the Standard Model requires the measurement of the
quadrilinear coupling Ay g gy, too. This coupling is sup-
pressed relative to the trilinear coupling effectively by a
factor of the order of the weak gauge coupling for masses
in the lower part of the intermediate Higgs mass range.
The quadrilinear coupling can be accessed directly only
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tanB=50 117.7 118 119
————
tanB=3 140 172 1002
; — — —
| MSSM Double Higgs-strahlung: ]
e e - zhh
1 o™ [fb]: Vs = 500 GeV “—H . hh

0.1 - - ‘
80 90

through the production of three Higgs bosons: eTe™—
ZHHH and ete™— v,v. HHH. However, these cross sec-
tions are reduced by three orders of magnitude compared
to the corresponding double-Higgs channels. As argued
before, the signal amplitude involving the four-Higgs cou-
pling [as well as the irreducible Higgs-strahlung ampli-
tudes| is suppressed, leading to a reduction of the signal
cross section by a factor [\ g Ae/1672] /(N2 g A8/ M2]
~ 1073. Irreducible background diagrams are similarly
suppressed. Moreover, the phase space is reduced by the
additional heavy particle in the final state. A few illus-
trative examples for triple Higgs-strahlung are listed in
Table 3.

3 The supersymmetric Higgs sector

A large ensemble of Higgs couplings are present in su-
persymmetric theories. Even in the minimal realization
MSSM, six different trilinear couplings hhh, Hhh, HHh,
HHH, hAA, HAA are generated among the neutral par-
ticles, and many more quadrilinear couplings [22]. Since
in major parts of the MSSM parameter space the Higgs
bosons H, A, H* are quite heavy, we will focus primar-
ily on the production of light neutral pairs hh, yet the
production of heavy Higgs bosons will also be discussed
where appropriate. The channels in which trilinear Higgs
couplings can be probed in eTe™ collisions, have been cat-
aloged in Table 1.

Barring the exceptional case of very light pseudoscalar
A states, Agpp is the only trilinear coupling that may be
measured in resonance decays, H — hh, while all the other
couplings must be accessed in continuum pair production.
The relevant mechanisms have been categorized in Fig. 5
for double Higgs-strahlung, associated triple Higgs pro-
duction and WW double-Higgs fusion.

3.1 Double Higgs-strahlung

The (unpolarized) cross section for double Higgs-strah-
lung, ete™ — Zhh, is modified [17] (see also [19]) with
regard to the Standard Model by H,A exchange diagrams,

120, [GeV]

1000 M, [GeV]
—
M,[GeV]

Fig. 8. Total cross sections for MSSM hh production
via double Higgs-strahlung at eTe™ linear colliders for
tan 8 = 3, 50 and /s = 500 GeV, including mixing
effects (A =1 TeV, u=—1/1 TeV for tan 8 = 3/50).
The dotted line indicates the SM cross section

Table 3. Representative values for triple SM Higgs-strahlung
(unpolarized beams). The sensitivity to the quadrilinear cou-
pling is illustrated by the variation of the cross sections when
AmmmH is altered by factors 1/2 and 3/2, as indicated in the
square brackets

ete"— ZHH olab]

Vs=1TeV Mgy =110GeV  0.44 [0.41/ 0.46]

150 GeV 0.34 [0.32/ 0.36]

190 GeV  0.19 [0.18/ 0.20]

V5 =16TeV My =110 GeV  0.30 [0.29/ 0.32]

150 GeV  0.36 [0.34/ 0.39]

190 GeV  0.39 [0.36/ 0.43]

cf. Fig. 5:
do(ete™ = Zhh) V2GLMS 02+ a?
= 3 5 211 (22)
dxidxs 384m3s (1 —py)
with
sin?(8 — « cos?(f —
Zi =320 + 3 (B )3 i (B )f3

2 Y1+ p1z Y1+ p1a

sin'(B—a) [ fi N fa ]
dpz(y +piz) L iz Y2 + paiz
cos'G-a) [_fi_ fa ]
dpz(yr +pra) (Y1 +pia Y2 + paal
sin?2(3—a) [ fi N fo ]
8uz(y1 +pia) (y1+ iz Y2+ paz
+{y1 < yo} (23)
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and
5= Anhnsin(B —a)  Agpncos(f — )
Ys — 1z Ys — H2z
2sin?(3 —a)  2sin?(8 — 1
Y1+ piz Yo + U1z nz

[The notation follows the Standard Model, with p; =
M? /s and pis = M%/s.] In parameter ranges in which the
heavy neutral Higgs boson H or the pseudoscalar Higgs
boson A becomes resonant, the decay widths are implic-
itly included by shifting the masses to complex values
M — M —il/2, i.e. u; — p; — iy; with the reduced
width v; = M;I3;/s, and by changing products of propa-
gators w2 to Re(mmy).

The total cross sections are shown in Fig. 8 for the
ete™ collider energy /s = 500 GeV. The parameter tan 3
is chosen to be 3 and 50 and the mixing parameters A =
1 TeV and u = —1 TeV and 1 TeV, respectively. If tan 3
and the mass M, are fixed, the masses of the other heavy
Higgs bosons are predicted in the MSSM [20]. Since the
vertices are suppressed by sin / cos functions of the mix-
ing angles 8 and «, the continuum hh cross sections are
suppressed compared to the Standard Model. The size of
the cross sections increases for moderate tan 8 by nearly
an order of magnitude if the hh final state can be gener-
ated in the chain ete™ — ZH — Zhh via resonant H
Higgs-strahlung. If the light Higgs mass approaches the
upper limit for a given value of tan 3, the decoupling the-
orem drives the cross section of the supersymmetric Higgs
boson back to its Standard Model value since the Higgs
particles A, H, H* become asymptotically heavy in this
limit. As a result of the decoupling theorem, resonance
production is not effective for large tan3. If the H mass
is large enough to allow decays to hh pairs, the ZZH
coupling is already too small to generate a sizable cross
section.

The cross sections for other ZH;H; [H; ; = h, H]| fi-
nal states are presented in the appendix. While the basic
structure remains the same, the complexity increases due
to unequal masses of the final-state particles. The reduc-
tion of the Zhh cross section is partly compensated by
the ZHh and ZH H cross sections so that their sum adds
up approximately to the SM value, as demonstrated in
Fig. 9a for tan 3 = 3 at /s = 500 GeV and hh, Hh
and HH final states. Evidently, if kinematically possible,
the MSSM cross sections add up to approximately the SM
cross section.

3.2 Triple-Higgs production

The 2-particle processes ete™— ZH; and eTe™— AH;
are among themselves and mutually complementary to
each other in the MSSM [32], coming with the coefficients
sin?(3 — a)/ cos?(f — ) and cos?(f — )/ sin?(8 — a) for
H; = h, H, respectively. Since multi-Higgs final states are
mediated by virtual h, H bosons, the two types of self-
complementarity and mutual complementarity are also

operative in double-Higgs production: ete™— ZH;H;,
ZAA and AH;H;, AAA. As the different mechanisms are
intertwined, the complementarity between these 3-particle
final states is of more complex matrix form, as evident
from Fig. 5.

We will analyze in this section the processes involv-
ing only the light neutral Higgs boson h, eTe™— Ahh,
and three pseudoscalar Higgs bosons A, eTe™— AAA.
The more cumbersome expressions for heavy neutral Higgs
bosons H are deferred to the appendix.

In the first case one finds for the unpolarized cross
section

dofete™ — Ahh) GIMS w2+ a?
= 5211 (25)
dzrdxs 768y 27m3s (1 — pz)
where the function 211 reads
Ay — { C1Anhh C2AHRR r go EAhaa
11 = = 591
ys — 1A ys—p2a]| 2 (y1+ p1a)
Aad3 \
(y1 + pz)?
{ C1Ahhh C2AHhRR } { C1ARAA cidy
+ 3 g4
Ys — 1A Y3 — 24 Y1+ pi1a Y1+ piz
2A2 2d2
C1AhAA g5 + c1dy g8
2(y1 + pra)(y2 + p1a) 2(y1 + p1z)(y2 + paz)
cididnaa cididnaa
ge + g7
(y1 + pa)(y1 + paz) (y1 + p1a)(y2 + pa1z)
+{y1 ¢ y2} (26)
with py2 = M}QLH/S and the vertex coefficients
c1/co = cos(ff — )/ —sin(f — «) and
dy/dy = sin(f — a)/ cos(f — ) (27)

The coefficients g, are given by

go = pz[(y1 +y2)? — 4pa)

91 = pzy; — 2y — 4pa + 1]

92 = pzlyi(y1 +2) +4dya(yz +y1 — 1) + 1 — 4(u1 + 2p4)]
(1 — pa)? B+ [(1—y1)? — 4]/ pz]

(1 — pa)[Ay2(1 4+ 1) + 2(y7 — 1))

93 =2uz(yY? —y1 + Y2 + y1y2 — 2pa)

94 =2uz(y +y1 + 295 — y2 + 3y1y2 — 6pa)
+2(p1 — ) (Y — v1 + Y2 + Y1y2 — 2a)

95 = 2uz (W +y2 +y1y2 +4pn — 2pa — 1)

g6 = 20z (Y + 2y1y2 + 2y2 + 4y — 4pa — 1)
+2(pn — pa)(yF — 2y1 — 4y + 1)

g7 = 2[puz(2y? — 3y1 + y1ya + Yo — 4y — 2pa + 1)
+(p1 = pa)(y1 + y1y2 + yo + 4 — 2p4 — 1))

98 = 2{pz (1 + 2 + 297 + 205 + Syry2 — 1+ 4
—10p4) +4(p1 — pa)(=2p1 — pa — 1 —y2 + 1)
+2(p1 — pa)((y1 +y2 + y1y2 + yi +y5 — Dz
205 + Apd — p1 + pa) + 6pa(pd — pi)

(1 — pa) L+ 1) A+ y2)l/pz }

(28)
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0.0 E
F ZHh ]
H 1 Fig. 9a.Cross sections for the processes Zhh, ZHh
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90 95 100 105 11M,[GeV] mixing effects (A =1 TeV, p = —1 TeV)
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Lo . : ] Fig. 9b.Cross sections of the processes Zhh, Ahh and
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The notation of the kinematics is the same as for Higgs-
strahlung.

Since only a few diagrams contribute to triple A pro-
duction, cf. Fig. 5, the expression for this cross section is
exceptionally simple:

dolete™ — AAA] GLMS  vi+a?
_ Az (29)
dxydxs 768v/2m3s (1 — pz)
where
Ass = D390 + Digi + D3g} — D3D1gs
—D3Dsgh 4+ D1 Dags (30)
and
A c A c
Dy = AhAACL | AHAAC (31)
Yk — H1A Yk — H2A

The scaled mass parameter p; must be replaced by p4 in
the coefficients g; and g} defined earlier.

The size of the total cross section o(ete™ — Ahh)
and o(ete” — AAA) is compared with double Higgs-
strahlung o(ete™ — Zhh) in Fig. 9b for tan 8 = 3 at
Vs = 1 TeV. Both these cross sections involving pseu-
doscalar Higgs bosons are small in the continuum. The
effective coupling in the chain Ah,;+ — Ahh is cos(f8 —

a)Appn while in the chain AH,;¢ — Ahh it is sin(f —
&) Aghp; both products are small either in the first or sec-
ond coefficient. Only for resonance H decays AH — Ahh
the cross section becomes very large. A similar picture
evolves for the triple A final state. The chain Ahy;+ —
AAA is proportional to the coefficient cos(8 — a)A\paa
in which one of the terms is always small. The chain
AH,;,+ — AAA, on the other hand, is proportional to
sin(8 — a)Ag aa; for this coefficient the trilinear coupling
Amaa is only of order 1/2 so that, together with phase
space suppression, the cross section remains small in the
entire parameter space.

3.3 WW double-Higgs fusion

The WW fusion mechanism for the production of super-
symmetric Higgs pairs can be treated in the same way. The
dominant longitudinal amplitude for on-shell W bosons
involves A, H and H* exchange diagrams in addition to
the SM-type contributions:

5 Arhp sin(B—a AHhh cos(B—a
Mpp= % {(1 + B%) {1 + (ETM,’;‘)('?M; + (fs{h_hM%)(/ﬁM%)]
+sin2(ﬂ—a) |:(1—ﬁév)+(ﬂw—ﬂh cos )2

Bw Bh cos O—zw
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_ (1-B4%)+(Bw 484 cos 9)2}

cos 0+zw
cos?(B—a) [ (Bw —Bncos8)®  (Bw+Bn cosb)?
+ Bw Bh V‘gos Hh—x+ B Méos 0h+x+ (32)

As before, §!/2 is the c.m. energy of the subprocess, 6 the
scattering angle, Oy and (;, are the velocities of the W
and h bosons, and

oy = 12
Bw Br
L —2pn + 2pp= — 2pw
r, = 33
* Bw Bh (33)

After integrating out the angular dependence, the total
cross section of the fusion subprocess is given by the ex-
pression

. GpMyy Bn 2 \2
T s B (1= B ) {(1 )
[ Anhndi Annd2 n 1} ?
(58— Mp)/Mz (53— Mp)/M
2(1+ 6%) [ Anhndi Ahnd2 n 1]
Bwbn  [(5—M7)/Mz (53— ME)/M3
2+ di ’ w cf ’ +
x [diod” + claf] + <5Wﬂh> o T (ﬂwﬁh) “
+4 (C%d%) [ay + aﬂ} (34)
512/‘/5}21 3 3
with
ai’ = [(zw B — 5W) + rwlw + 268n(zw Bn — 26w)

[(
1
w _ -
42 = LW - J
< [xavﬁzmzx%v o+ 1462,

— (BY, +rw)? — 48nBwaw (3Brady, + Bhy +rw)

4
—— (AR (Bt + 485 — 4Bhww Bw)
w

—(B +rw)?]

1

o = o
fawrw +zyry] — 2y (ry +rw 4 BRad)

X(Biy + Braiy) — Biy (w4 B3 + 40aiy + 2%y 57)

o o 2 B (5 + oy ) v + 1)
w

— x+rwr+] + ﬂi [6%$+;EW

—2Bw B (zw + z4) + 463]

+ w
a;

=a (aw x4, Tw O T4) (35)

and rw = 1— B, 14 =0.

The final cross sections have been calculated for off-
shell W’s and transverse polarizations included, i.e. with-
out relying on the LL and the equivalent W-boson

A. Djouadi et al.: Testing Higgs self-couplings at eTe™

linear colliders

approximation. The eTe~ beams are assumed to be po-
larized. For modest tan 3, the hh continuum production
is slightly suppressed by the mixing coefficients with re-
gard to the Standard Model, Fig. 10a. The cross section
is strongly enhanced in the parameter range where the fu-
sion subprocess is resonant, WW — H — hh. For large
tan 3 the WW fusion cross section is strongly suppressed
by one to two orders of magnitude and resonance decay
is not possible any more. This is a consequence of the
small gauge couplings in this parameter range which are
drastically reduced by the mixing coefficients. Since the
second CP-even Higgs boson H is fairly light for these pa-
rameters, the small hh continuum production is comple-
mented by Hh and HH production channels, as evident
from Fig. 10b. The cross sections for the production of
Hh, HH and AA pairs are cataloged in the appendix.

3.4 Sensitivity areas

The results obtained in the preceding sections can be sum-
marized in compact form by constructing sensitivity areas
for the trilinear SUSY Higgs couplings based on the cross
sections for double Higgs-strahlung and triple Higgs pro-
duction. WW double-Higgs fusion can provide additional
information on the Higgs self-couplings.

The sensitivity areas will be defined in the [My4, tanf]
plane [17]. The criteria for accepting a point in the plane
as accessible for the measurement of a specific trilinear
coupling are set as follows:

(i) o[\ > 0.01 fb

(ii) var{A = (1 £ 3)A} > 2 st.dev.{A\}
JL=2 ab™!

(36)
for

The first criterion demands at least 20 events in a sample
collected for an integrated luminosity of 2 ab™!, corre-
sponding to about the lifetime of a high-luminosity ma-
chine such as TESLA. The second criterion demands a
50% change of the signal parameter to exceed a statistical
fluctuation of 2 standard deviations. Even though the two
criteria may look quite loose, tightening (¢) and/or (i)
does not have a large impact on the size of the sensitiv-
ity areas in the [M4, tanS] plane, see [19]. For the sake of
simplicity, the eTe™ beams are assumed to be unpolarized
and mixing effects are neglected.

Sensitivity areas of the trilinear couplings for the set of
processes defined in the correlation matrix Table 1, are de-
picted in Figs. 11 — 13. If at most one heavy Higgs boson is
present in the final states, the lower energy /s = 500 GeV
is most preferable in the case of double Higgs-strahlung.
H H final states in double Higgs-strahlung and triple Higgs
production involving A give rise to larger sensitivity ar-
eas at the high energy /s = 1 TeV; increasing the energy
to 1.6 TeV does not improve on the signal as a result of
the scaling behavior of the Higgs-strahlung cross section.
Apart from small regions in which interference effects play
a role, the magnitude of the sensitivity regions in the pa-
rameter tang is readily explained by the magnitude of the
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Fig. 10b.Total cross sections for WW double-Higgs
fusion with hh, Hh and HH final states for /s =
) 1.6 TeV and tanp = 50, including mixing effects (A =
120 My, [GeV] 1 TeV, =1 TeV)

parameters Asin(f — «) and A cos(8 — «), shown individu-
ally in Figs. 2 and 3. For large M 4 the sensitivity criteria
cannot be met any more either as a result of phase space
effects or due to the suppression of the H, A, H* propa-
gators for large masses. While the trilinear coupling of the
light neutral CP-even Higgs boson is accessible in nearly
the entire MSSM parameter space, the regions for \’s in-
volving heavy Higgs bosons are rather restricted.

Since neither experimental efficiencies nor background
related cuts are considered in this paper, the areas shown
in Figs. 11, 12 and 13 must be interpreted as maximal en-
velopes. They are expected to shrink when experimental
efficiencies are properly taken into account; more elabo-
rate cuts on signal and backgrounds, however, may help
reduce their impact.

4 Conclusions

In the present paper we have analyzed the production of
Higgs boson pairs and triple Higgs final states at eTe™ lin-
ear colliders. They will allow us to measure fundamental
trilinear Higgs self-couplings. The first theoretical steps
into this area have been taken by calculating the produc-
tion cross sections in the Standard Model for Higgs bosons
in the intermediate mass range and for Higgs bosons in the
minimal supersymmetric extension. Earlier results have

been combined with new calculations in this analysis.

The cross sections in the Standard Model for double
Higgs-strahlung, triple Higgs production and double-Higgs
fusion are small so that high luminosities are needed to
perform these experiments. Even though the ete™ cross
sections are below the hadronic cross sections, the strongly
reduced number of background events renders the search
for the Higgs-pair signal events, through bbbb final states
for instance, easier in the eTe™ environment than in jetty
LHC final states. For sufficiently high luminosities even
the first phase of these colliders with an energy of 500
GeV will allow the experimental analysis of self-couplings
for Higgs bosons in the intermediate mass range.

The extended Higgs spectrum in supersymmetric the-
ories gives rise to a plethora of trilinear and quadrilinear
couplings. The hhh coupling is generally quite different
from the Standard Model. It can be measured in hh con-
tinuum production at ete™ linear colliders. Other cou-
plings between heavy and light MSSM Higgs bosons can
be measured as well, though only in restricted areas of
the [M4, tanf] parameter space as illustrated in the set
of Figs. 11 — 13.
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processes

In this appendix, we present the cross sections for the pair
production of the heavy MSSM Higgs bosons in the Higgs-
strahlung processes, ete™ — ZH;H; and ZAA with
H;; = h,H. The mixed process ete™ — ZH;A is gen-
erated at the tree level by gauge couplings only. The no-
tation is the same as in Sect. 2.1. The trilinear couplings
have been introduced earlier. Modifications of the SM
Higgs-gauge coupling in the MSSM are accounted for by
the mixing parameters:

VVh @ di=sin(8—«a) VVH: dy=cos(f — «)
VVA: ds=0 (A1)
VAh : ci=cos(f—a) VAH: co=—sin(f—a)
WAH: c3=1

for V.= Z and W. The Higgs bosons are neutral except
in the last entry.

Al: ete™ — ZH;H;

The double differential cross section of the process
ete” — ZH;H; is given for unpolarized beams by the
expression

dolete” — ZH;H;]  V2G% MJ v2 + a?
-~ 384m3s (1 —pgp)?
In terms of the variables y1, y2, y3 defined in Sect. 2.1, and

with p; = M3 /s, pij = ps — pj, etc., the coefficient Z;;
in the cross sections can be written as

2 (A2)

d$1d.’£2
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T diods Cics
Zijzﬁfij‘FM i Js i< /s
2 |yt iz Y1+ paa

(did;)? [ f n Jo
dpz(yr + piz) Ly + iz Y2+ 1z )
5 - -

C;Cj

L) oL
dpz (i + pia) v+ s Y2 + pja |
didjcicj [ f1 + fo 1
20z (Y + pia) Ly + iz Y2 + 1z ]

+{(ylvﬂi) “ (ZJ%MJ’)} (A.3)
with
3 — [thHiHj N d2)\HHiH_7:| N 2d;d;
Ys — 1z Ys — 2z Y1+ Wiz
2d.d.; .

Y2 + ljz  pz
The coefficients fy to f3 are given by

fo=nzl(y1 +y2)* + 8uz]/8
fr=(n =% (pz — ) — 4y (y1 + vapz — 4pz)
gz — 4ps) (1 — 4) — i
(i = 1) [ (v — 2) + 1 — 4p,]
(i — p5) Bri(=y1 — p1z) + 2y1pz(y1 — 2) + 2pz
+2y1 (1 — 1)°]
fo=lnz(1+pz —y1 — y2 — 8uwi)
—(14 pz2)y1y2)(2 + 2z — y1 — y2)
+yryalyiye + p% + 1+ 4l + pz)]
Hpipz (L4 pz + 4) + 1
—2(pi — p17)* = (i — 1) [y2(yn — 1)
+10pz + 4p; + 3y — 1]
+(pi = p5) 1z (2(=y1y2 — y1 — 8py)
+6(uz + 1= 42)) + 1((y2 — 1)
—y1(149y2)) +y2(y2 — 1) — 4pi(y1 — v2)]
fs=w1(y1 = D(pz —y1) —y2(yr + (v + pz)
+2pz(pz +1—4)
F2(pi — 1) = (s — 13)

X[y2 + yi — 3y + y1y2 — 4puz] (A.5)

For resonance contributions, propagator products have to
be substituted by m1 (i) ma(p;) — Re {m1(pi)ma(p})} with
pi = p; — iy and y; = My, Iy, /s. Setting i = j = 1, one
recovers the expressions (22-24) for the process ete™ —
Zhh.

A2: ete - ZAA

The differential cross section of the process ete™ — ZAA
is given by inserting Z33 in (A.2):

2

C2 C
333=3§3f0+%[ L—+ =2 f3

Yr1—H1A Yi1—H2A

2 2 2 2
1 €1 C2 1 €2
+4Hz |:y17#1A + ylﬁuzA} {yzﬁum + y2*H2A:| f2

2 o2 2
ti i+ g A e w) ()

where

di A
333 = { 1ohAA (A.7)

2AHAA :|
Ys M1z

Ys — K2z /TZ

The coefficients fy to f3 follow from the previous subsec-
tion after substituting pq, po — pa-

Appendix B: Triple Higgs boson production

The cross sections for the triple Higgs boson production of
MSSM Higgs bosons, ete™ — AH;H; and ete™ — AAA
with H; ; = h, H are presented in this second appendix.
The remaining process ete™ — H; AA does not occur at
tree level because of CP—invariance.

Bl: ete™ — AH;H;

The double differential cross section of the process
ete” — AH;H; for unpolarized beams reads in the same
notation as above:

d GB M6 2 2
o _ _Erl¥z “6“‘62% (B.1)
dzxidzrs  768v/2m3s (1 — pz)
with the function 2,
[Nomm,c1 Anmmcea]” A, 44C]
L Y3 — H14 Ys — H24 | (y1 + pia)
N )\%,iAAC? , c?df N C?d? ,
g g2 g
(2 +154)27" (g1 + piz)? (y2 + p1;2)?"°
N [Anm,m,c1 n AHHH,;C2 | |:/\HjAACi , NH, AAC;
LYs — H14A Y3 — p24 | Y1+ 1A Y2 + Hja 3
C'di Cid'
§ 94 J 94
Y1+ Uiz Yo + Uiz
)\HiAAAHjAACiCj Cideidj
gs + gs
(Y1 + pia)(y2 + pja) (y1 + piz)(y2 + pjz)
A, aacicid; g5 + AH, AACCjd; g
(y1 + pia)(y1 + piz) (y2 + mja) (Y2 + piz)”°
Am;Aacid; A, AAC2d; )
gr + 97
(y1 + pia)(y2 + piz) (Y2 + mja)(yr + piz)
(B.2)

The following expressions must be inserted for the coeffi-
cients gi:

go = pzl[(y1 +y2)* — 4pal

91 = pz(y; — 2y1 — 4 + 1)

92 = 1z 2y + Y7 — 4y2 + 45 + dyya + 1
A — 85 — 8pa) + (115 — pra)’
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8+ (—2y1 +y; — 4pi + 1)/ pz]

+2(p5 — pa)(2y1y2 + Y7 +2y2 — 1)
93 =207y + v1y2 — y1 + yo + 245 — 245 — 244)
91 =2uz(y1 — Y2 + Yi + 295 + 3y1y2 — 245 + 2p; — 6p1a)
+2(p5 — pa)(—y1 + y2 + Ui + y192
+205 — 2p4 — 2p1;)
g5 =20z (Y1 +y2 + y1y2 + 205 + 2 — 24 — 1)
96 = 20z (Y7 + 2y1y2 + 2y2 + 415 — dpa — 1)
+2(p; — pa)(yi — 291 — 4 + 1)
97 = 2[nz(2y7 + y1y2 + Y2 — 3y1 + 205 — 6 — 2pa + 1)

(s — pa) (1 +y2 +y1y2 + 205 + 2p — 24 — 1))
95 = 2{pz(y1 +y2 + 2y} + 2y3 + Syrye — 1+ 2u; + 24

—10p4) +2(pi — pa)(pi — 3pg — pra — 2y2 + 1)
+2(ps — pa)(py — 3pi — pa — 2y1 + 1)
(5 — pa) (1 +y1)(y2 + 21 — Dz

207 + A+ pa — )
(i — pa) (L4 y2)(y1 + 2y2 — Lpz
245 + 4% + pa — 1)

+ 6pa(pd — pitg) + (i — pa)
X (5 — pa)X+y1)(L+y2)]/uz} (B.3)
and
9 (W15 y2, i 115) = (Y2, Y1, g, i) (B.4)

Appendix C: Heavy Higgs production
in W W, fusion

In this third appendix we list the amplitudes and cross sec-
tions for the pair production of the CP—even Higgs bosons
in the longitudinal W approximation W Wy — H;Hj;, as
well as for W Wy, — AA. The notation is the same as in
Sect. 2.2.

Cl1: WLWL — I‘I,,,H‘7

The amplitudes for the process Wy W — H;H; are given
by:

e Anmm;da AHH;H,;d2
Merr= fs {(1 + Bf) |:51J + eunpz t (g—Mg)J/Mg}
+ did; |:TW+(5W7A1_7 cos0)®  rw+(Bw+Nij cose)z}
Bw Nij cos 0—xyw cos 0+xw
+ cicj |:r++(ﬁw—/\ij cosO)2 _ r+(Bw+Nij 0059)2}}
Bw Aij cos—x 4 cos 0+x
(C.1)
where p; ; = %J/é, Bw = (1 —4MZ,/3)1/? and \;; is

the usual two—body phase space function, )\?j =
2
5)

(L—pi—
— 4y 415 Furthermore,

zw = (1= p; — py)/(BwAij)

linear colliders

rw =1— By — By (i — 15)°
wy = (1= pi — py +2M7 s /3 — 2M3, /8) ) (Bw Aij)
re = =B (i — Mj)2 (C2)

The total cross section of the subprocess is obtained by in-
tegrating the squared amplitude over the scattering angle;
the result may be written:
G% My, Nij

275 Bw (1-6%,)2

oL (HH;) =

Anmm;da

{(1 +ﬂ12/[/) |:5’L] + (S MZ)/MZ +

Amm;H;d2 2
G-2M3)/313

2(14+8%)
+ ﬂwx\:;/

X [didjal —|—C7;Cja1~_]

+ didj QaW + CiCj
Bw Aij 2 Bw i

|: AnH,;H;d1

AgH,H;d2
i
51] + (g 1\12 /M2 ]

(8—ME) /M7

2 + didjcic; w +
7)) G2 +4 522, lag” + a3]

(C.3)
with
Tw — 1
alV = [(xwij — Bw)? + rw]log pr—1

+2)\ij (LL'WA” — Qﬁw)
1 Tw — 1 2

w
— |1
@2 |:IEW ngw+1+

2
Ty — 1

X [mw)\2 (3N}, @3y + 2rw + 1463)

— (B +1w)? — 4N Bwaw (BALa, + Bhy +rw)
4

——— NGOGl + 488 — Dew )
w
— (B +7"W) ?]
1 Tw —
agV = x%-_x%/v gsz—i—l QBW)‘l]xW[(BW+xW)‘ )

X(xw +24) + cwrw + 2474 ]
—.’IJ+(T+ +rw + )‘zij)(ﬁW + )‘zg W)

—Biy (4 By + ANGxy + 2 aiy A — aprwrs

27 (N zraw — 28w i (aw + 24) + 465 ]

+ - W
a; = a;

(xw < T4, Tw > T4) (C4)

C2: WiWp — AA

For pseudoscalar Higgs bosons, amplitude and cross sec-
tion are significantly simpler since only a few diagrams
contribute to the AA final state and, moreover, the masses
of the final-state particles are equal:

GFr5 A d
22 {1+ 8%) [1+ 2ih%

+ 1 |:(/3W—5A cos0)®
Bw Ba cosO—xa

Mrr =

Agaads
RS )/M2}

}} (C.5)

(Bw +Ba4 cos 19)
cos 0+x 4
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with
Ba=(1—-4M2%/5)"? and
w4 = (1-2M3/3+2Mp. /5 —2My; /3)/(BwBa) (C.6)

The total cross section for the subprocess W, W, — AA
may be cast into the form

2 4
or(AA) = S o P {(1 + B3)?

+ Agaad :|2
s-Mp)/Mz T (s—MF)/MZ
=l

X Goan [(xAﬁA — Bw)?log AT +20a(zafa — Qﬁw)}

% |:1+ ( Anaadi

+2(1+ B3 1+ iy

+ﬁ <log z‘:ﬁ [36%24(Baza — 268w )?

+6% (283424 — 48w Ba — BEy /x4)]
+% (32585 — 263 + B3y ) (Baza — 26w )?

+83 (B37% — 36%)] ) }

C3: Asymptotia

For asymptotic energies, the leading part of the WW cross
sections does not involve the trilinear couplings H; H; Hy,
or H;H;A. Note however that the convoluted leptonic
cross sections ete” — Dv.H;Hj and AA are dominated
by the threshold regions, also for asymptotic eTe™ ener-
gies, so that the observable leptonic high-energy cross sec-
tions are indeed sensitive in leading order to the trilinear
Higgs couplings.
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